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Abstract
We relax the definition of the Ambjørn-Loll causal dynamical triangulation
model in 1 + 1 dimensions to allow for a varying lapse. We show that, as long
as the spatially averaged lapse is constant in time, the physical observables are
unchanged in the continuum limit. This supports the claim that the time slic-
ing of the model is the result of a gauge fixing, rather than a physical preferred
time slicing.
∗Email address: fotini@perimeterinstitute.ca
†Email address:lsmolin@perimeterinstitute.ca
1
1 Introduction
A widely accepted strategy to construct a quantum theory of gravity is to define
the theory by means of a background independent path-integral, in which one
sums over microscopic spacetime histories, each weighed by a quantum ampli-
tude. Such a theory can be a candidate for a fundamental theory of spacetime
because it takes over into the quantum realm the most basic, and experimentally
confirmed, principle of general relativity, namely, that the geometry of space and
time is entirely dynamical. Approaches of this kind include causal sets, loop quan-
tum gravity, spin foam models, Regge calculus and dynamical triangulations. All
path-integral approaches have the same ultimate aim, to derive general relativ-
ity as a low energy, coarse grained approximation to the fundamental discrete and
quantum description. This is still an open problem and wewill call it the low energy
problem.
In almost all cases, the sum-over-histories is a formal path-integral. At the
mathematical level, that path integral suffers from being ill-defined, and in several
ways. At the practical level, it is very complicated, making the low energy prob-
lem a formidable one. It is no less obscure at the physical level, where its formal
interpretation as quantum superpositions of spacetimes needs to be understood
and related to observations.
The overall motivation for the present work is to investigate a basic questions
raised by sum-over-histories quantum gravity: which, if any, geometric features are
shared between the quantum histories, “the paths”, and the classical spacetime geometry
that is to emerge in the low energy limit? In particular, what is the relationship be-
tween the fundamental microscopic causal structure and the macroscopic causal
structure that emerges in the low energy limit? Similarly, what is the relationship
between microscopic and macroscopic locality?
These questions can only be investigated in the context of a path-integral model
where explicit results on the low energy limit can be calculated. Of all the different
approaches, the one that has been most successful at addressing the low-energy
problem is Causal Dynamical Triangulations (CDT). This is a non-perturbative
gravitational path-integral for Lorentzian spacetimes, proposed by Ambjørn and
Loll in [2]. The histories are described, in the presence of an ultraviolet regulator,
as, as a triangulated Lorentzian manifold. Each spacetime history is built by past-
ing together fundamental building blocks with timelike and spacelike faces whose
interiors are isomorphic to subsets of Minkowski spacetime. Each history has a
causal structure, which means that the histories are restricted to contain arrange-
ments of simplices whose spacelike faces form a sequence of spatial slices, the
triangulated equivalent of a globally hyperbolic spacetime with equal-time slices.
In 1 + 1 dimensions, Causal Dynamical Triangulations have been shown, both
analytically and numerically, to have a continuum limit when as → 0 which de-
scribes physics in an effective 1+1 geometry, which is large compared to the Planck
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scale. One infers this from measurements of the Hausdorff dimension, which is
near 2 (instead of the problematic 4 of Euclidean dynamical triangulations [1]).
The good behavior is maintained when matter is added, and it is even possible to
exceed the barrier of c = 1 that prevented the Euclidean versions of such models
from providing a non-perturbative approach to string theory[4]. Recently pub-
lished numerical results in 3 + 1 dimensions provide evidence for a continuum
limit which consists of universes which are 3 + 1 dimensional, whose spatial slices
have volumes which are large and slowly varying, and whose spatial geometries
have Hausdorff dimension dh ≈ 3 [5].
Compared to other path-integral approaches, Causal Dynamical Triangulations
have three distinct features:
1. Each history is a fixed foliation of spacelike surfaces and thus has topology
Σ× R, with Σ a fixed spatial topology.
2. Since each triangle has fixed spatial edge length as and fixed timelike edge
length at, the fixed foliation implies that the lapses are fixed to be a constant,
N0 =
√
a2t − a
2
s
4
, in the 1 + 1 dimensional model. The same is true in higher
dimensions.
3. The limit as ∝ at → 0 is taken, so that the discreteness scale is considered an
ultraviolet cutoff to be removed rather than a fixed physical scale.
To understand the results of CDT models, and compare them to results that
may be expected from other approaches, it is essential to know the extent to which
these three features are necessary conditions for the good results obtained. In par-
ticular, we would like to know to what extend the CDT histories have a geometri-
cal interpretation. The model can be understood as a statistical model of random
surfaces, and the inventors of Causal Dynamical Triangulations warn their read-
ers not to think of the individual histories as spacetimes. However, if we strictly
follow their advice, then in what sense should the constraints they impose on the
random surfaces that are allowed to enter the sum be interpreted as causality? Can
different causality conditions be imposed that lead to the same results?
The specific task for this paper is the following: Given a global foliation, and
hence a Σ×R topology, the choice of equal lapses can be conjectured to be a gauge
condition. If this is the case it should be possible to show explicitly that the results
of CDT are preserved if the gauge conditions is modified.
We will work in the 1 + 1 case, and show that the same continuum limit results
are obtained if the lapses of the simplices are allowed to vary over positive values,
subject only to two conditions. 1) the average lapse in each time slice is fixed. 2)
two edges of each triangle remain timelike. This applies both to the pure gravity
model and to gravity coupled to matter. This supports the claim that, once the
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Σ×R topology is fixed, the condition of fixed lapses is just a gauge condition that
can be modified without affecting the physical results.
In a related paper[11], Konopka shows that similar results can be obtained for
the 2 + 1 case. Together with the results presented here, this gives strong support
for the claim that the restriction to constant lapse in CDTmodels can be considered
as a gauge condition.
One of the main issues with the preferred foliation of this model is the impli-
cation of non-locality in the causal evolution. The rule that constructs the histories
is non-local because the spacelike slices that define the preferred foliation are first
fixed, after which one sums over all triangulations that connect them, subject to
the condition that two edges of each triangle remain timelike. This can be con-
trasted with other causal approaches to the path integral in quantum gravity, such
as causal spin networks [6] or percolation causal sets [8]. There, histories are con-
structed by local evolution rules, meaning that the rule for adding a triangle and
computing its amplitude depends only on its causal past. The existence of the
global foliation imposed in CDT models requires either the application of a non-
local rule, or the truncation of the ensemble of histories constructed by local rules.
Our results indicate that the non-locality is still present even when the lapse
gauge is changed, since it is required to keep the average lapse constant. The class
of histories with local causal rules is much larger than the Causal Dynamical Tri-
angulations, and there is little reason at this point to believe that the good CDT
results are compatible with local causal rules. It appears that, while other features
of sum-over-histories quantum gravity, such as locality or fundamental discrete-
ness, appear desirable, they are not shared by Causal Dynamical Triangulations.
As it is the latter that possesses the good low-energy behavior, this implies either
that these desirable features are misguided, or that our previous expectations for
the geometrical interpretation of the path-integral histories as the microscopic de-
scription of spacetime were naive.
The outline of this paper is as follows: In Section 2 we review the 1+1 Causal
Dynamical Triangulations. In Section 3, we generalize the 1+1 pure gravity model
to the varying lapse gauge. In Section 4, we apply the varying lapse gauge to grav-
ity coupled to matter. In Section 5 we compare Causal Dynamical Triangulations
to local causal models. We discuss our conclusions in Section 6.
2 Pure gravity 1+1 Causal Dynamical Triangulations
Causal Dynamical Triangulations is a non-perturbative gravitational path integral
for Lorentzian spacetimes, proposed by Ambjørn and Loll in [2]. Computing the
path integral is done by counting geometries at the regularized level weighted
by the Lorentzian Einstein action. The regularized spacetimes are histories of flat
Lorentzian simplices with certain causality conditions.
4
In pure gravity in 1 + 1 dimensions, the only attribute a spatial slice has is its
length L. In the regulated model L = asl, where as is the spacelike edge length,
which serves as an ultraviolet regulator in the model, and l is the number of space-
like edges that make up the slice, an integer.
The central object in the Ambjørn-Loll pure gravity model is the amplitude to
go from a universe of length l0 to a universe with length lt in t time steps:
G(l0, lt, t) =
∑
T (t):l0→lt
eiSAL[T (t)] (1)
where T (t) refers to all the triangulations with in boundary a circle of length l0, out
boundary of length lt and consist of t time steps (having chosen periodic boundary
conditions).
A history with t time steps has t + 1 time slices i = 0, ..., t, each of length li > 0.
Between slice i and i + 1 is a band of ni+1 = li + li+1 triangles, with li triangles
oriented “up” with base on the bottom slice and li+1 triangles oriented down, with
base on the top slice:
l
l
i+1
i
Each triangle has one spacelike edge of length l2s = a
2 and two equal time like
edges of length lt = −a2 where a is the regularization cutoff:
 l
 l
 l
s
t t
The height of the triangles is ∆t = 1. Note that the causality conditions of the
model is not restricted to theMinkowskian interior of the triangles, but also require
that there is no spatial topology change or closed timelike curves.
In two dimensions, the Einstein action is a topological invariant,∫
M
dx
√
| det g|R = 2piχ, (2)
where χ is the Euler characteristic of the spacetime M . In the CDT model, only
trivial topologies are allowed so weighing the histories by this action simply gives
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a constant overall factor to the path integral. Since in a dynamical triangulation
scheme each triangle has the same area, the action for each history is
SAL[T ] = ΛAn(T ), (3)
where n(T ) is the number of triangles in the history. The area is defined by A =
N0as/2where N0 the fixed lapse.
Note that it is part of the definition that the length of the universe can change
by any amount in a single time step (but cannot shrink to less than l = 1). We also
note that the physical amplitude should be divided by l0 to divide out by a discrete
residue of spatial diffeomorphism invariance at the boundaries. (i.e. histories that
differ by an overall rotation of the initial universe are equivalent.)
The propagation amplitude G(l0, lt, t) satisfies
G(l0, lt, t) =
∞∑
l=1
G(l0, l, 1)G(l, lt, t− 1) (4)
where the single time step amplitude G(l0, l, 1) is the one-step transfer matrix. It
can be written as follows. Each vertex r of the initial ring is attached to kr vertices
of the final ring, which we call the future set of the vertex r. However we identify
the leftmost vertex in the future set of r with the rightmost vertex in the future set
of r − 1. There are then n0 = l0 + l1 =
∑l0
r=1 kr triangles in the strip, and hence the
one-step transfer matrix is
G(l0, l, 1) =
∑
k1,...,kl0
eiΛA
∑l0
r=1 kr . (5)
It is convenient to define the amplitude for a single triangle by
g = eiΛA, (6)
in which case the amplitude of a history is gn(T ).
To solve eq. (4) we invent the generating function
G˜(x, y, t) =
∞∑
k,l=1
xkylG(k, l, t), (7)
so that the recursion relation (4) is written for the generating function as
G˜(x, y, t1 + t2) =
∮
dz
2piiz
G˜(x, z−1, t1)G˜(z, y, t2). (8)
One then arrives at the transfer matrix G˜(x, y, 1) for the transform by a counting
argument. We use (7) to construct the generating function for one time step, which
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is the amplitude to go from an initial loop to a next loop. We sum over the number
of edges in the initial loop, and associate a factor of xwith each edge, coming from
the definition (7). Each initial edge can give rise to any number of edges in the next
loop. To each of these we associate a factor y. We then multiply each triangle by
a factor g. There is one triangle (pointed up) for each edge in the initial loop, and
one triangle, (pointed down) for each triangle in the next loop. Thus each x and
each y is multiplied by a factor of g. The amplitude is given by the double sum
G˜(x, y, 1) =
∞∑
k=0
(
gx
∞∑
l=0
(gy)l
)k
−
∞∑
k=0
(gx)k =
g2xy
(1− gx)(1− gx− gy) . (9)
The second factor excludes the possibility that the next loop has zero edges.
The analysis proceeds from here by the solution of the recursion relation
G˜(x, y, t) =
∮
dz
2piiz
G˜(x, z−1, 1)G˜(z, y, t− 1). (10)
This leads to the construction of the full generating function, which is then a func-
tion only of x, y and g (for more details see [2]). It is then shown that the continuum
limit is possible because of the existence of a fixed point at
gc = ±1
2
. (11)
If we define the dimensionless quantity
λ = ΛA, (12)
the critical point (11) corresponds to a critical λ0 = i ln 2.
3 Pure gravity CDT in varying lapse gauge
In the quantization of a diffeomorphism invariant theory the lapses must be al-
lowed to vary without affecting the physical results. If that is the case in CDT, then
the fixing of the lapses is merely a gauge condition and not a physical reduction
of the degrees of freedom of the theory. To examine whether this is the case, we
now consider a simple generalization of CDT in which the lapses and areas of the
different triangles in a triangulation are allowed to vary.
We denoteNi the lapse of triangle i. If we keep the spatial edge lengths as fixed
for all triangles, corresponds to area Ai =
1
2
Nias. We require that
Ni > Nmin =
as
2
(13)
below which the the timelike edges in the triangles become null, then spacelike.
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With this change the action for a history T becomes
S[T ] = Λ
∑
i∈T
Ai = ΛA¯n(T ) (14)
where A¯ = 〈Ai〉 is the average triangle area and n(T ) is the number of triangles in
triangulation T . The new weight for a triangle becomes
gi = e
iΛAi. (15)
The CDT model is solved using a one-step transfer function. To reproduce this
solution for the varying lapses, one has to work with average lapse and area in a
single slice, instead of the average history lapse N¯ = 〈Ni〉. A “spacetime” solution
of the 1+1 CDT that would accommodate the average history lapse is underway
elsewhere [10]. For the present note, we will be restricted to a generalization of the
CDT model that is easily constructed within the present transfer matrix solution.
For this, we need to restrict to histories in which the average lapse of each slice
remains constant in time:
N¯t = N¯. (16)
At this point, it is clear that our modest generalization cannot change the CDT
partition function. The action changes by an overall scaling.
S[T ] = Λ
N¯aSn(T )
2
=
N¯
N0
SAL[T ], (17)
reflecting the fraction by which N¯ differs from the lapse of CDT.
In the continuum limit, we will have the same gc = ±12 and the change in (17)
just goes into rescaling of the renormalization group trajectory used to define the
continuum limit, so that the dimensionless λ scales by λ→ λ¯ = λN¯/N0.
Quantities of physical interest, such as the Hausdorff dimension, are computed
by counting features of a typical triangulation, and taking the continuum limit.
For example, one counts the number of spatial edges a fixed number of causal
steps into the future and shows that this grows by the appropriate power. What is
relevent for the continuum limits is the behavior of large sets, for a large number
of steps. Allowing the lapses to vary does not change the physical interpretation
as long as the sets inolved are large enough that average quantities may be substi-
tuted for sums.
It is important to emphasize that varying the lapse as proposed here is not the
same as summing over lapses. What we have done amounts to changing the gauge
fixing constraint in the path integral, but not removing it. The original causal dy-
namical triangulation model amounts to a gauge fixed path integral, which is for-
mally
Z =
∫ ∏
x,t
(dqabdNdN
aδ(N − 1)δ(Na)∆FP) eiS[qab,N,Na] (18)
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where qab is the spatial part of the metric, N is the lapse and N
a is the shift. What
we have shown is that this may be modified to
Z =
∫ ∏
x,t
(dqabdNdN
aδ (N − f(x, t)) δ(Na)∆FP) eiS[qab,N,Na] (19)
so long as, for all slices, ∫ √
qf(x, t)∫ √
q
= constant (20)
Furthermore, substituting unit lapse with constant average within each physi-
cal region involved in the measurement of a macroscopic physical observable will
not affect the physical quantities that describe the macroscopic behavior such as
the Hausdorff dimension or the leading low energy behavior of the propagators of
matter fields. We will discuss some examples of this in the next section.
4 Matter coupling in 1 + 1 dimensions
We now consider the consequences of varying the lapse for models where matter
is coupled. Following [4] we consider coupling gravity to a spin system by adding
a spin σi to each triangle. The CDT coupled to gravity partition function is
G(Λ, β, t) =
∑
T (t)
eiS
AL[T ]
∑
σ
eS
ALspin[T ], (21)
where the initial and final lengths and spin states are fixed and sum is over all the
internal spins and histories with t time steps. The matter action is given by
SALspin[T ] = β
∑
〈ij〉∈T
σiσj , (22)
where β is the coupling constant of the spin system.
If the lapse varies, then the effect will be to modify (22) to
Sspin[T,N ] =
∑
〈ij〉∈T
σiσtRij [Ni, Nj], (23)
where the new factor Rij [Ni, Nj] takes into account the varying metric. However,
note that, for each fixed triangulation and set of lapses and each fixed set of spins,
∑
〈ij〉∈T
σiσjRij =

 ∑
{〈ij〉:σiσj=1}
1 +
∑
{〈ij〉:σiσj=−1}
−1

Rij =: P (σ)〈Rij〉, (24)
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where P (σ) is the number of nearest neighbor pairs whose spins agree minus the
number whose spins disagree.
For the continuum limit we are interested in large triangulations, so that the
averages will be fixed to good accuracy over the sum over triangulations. Hence,
the effect of changing the gauge condition so as to let the lapses vary can only be
to modify the effective matter coupling so
Sspin[T ] = β ′
∑
〈ij〉∈T
σiσj , (25)
where
β ′ = β〈Rij〉. (26)
Hence, the properties of matter found in [4] for the continuum limit will be un-
changed.
5 CDT and locality
We turn now to the question of whether the non-locality of the CDT model is nec-
essary for the existence of a good continuum limit. Certainly, what is desired for
a discete path integral approach to quantum gravity is: 1) A good low energy or
coarse grained limit, which is both local and causal macroscopically, and leads
to a recovery of Lorentz invariant spacetime physics at low energies, but also
2) microscopic causality, and 3) microscopic locality are desirable properties. At
present there are several models whose investigation is relevent for the question
of whether there exists a theory with all three good properties. It is interesting to
compare the results concerning the following models.
• CDTmodels[2]. As we discussed above, these are causal microscopically, but
not local, because the evolution rule preserves the existentence of a global
slicing. However, the evidence points to the existence of a good continuum
limit.
• Causally evolving spin network models (CSN) [6]. In this construction all
edges are spacelike, and each triangle has a causal orienation. There are two
kinds of triangles: future pointing triangles with one past edge and two fu-
ture edges and past pointing triangles, with two past edges and one future
edge. Histories are constructed by a local rule which adds simplices locally.
The amplitude of a history is a product of the amplitude for each simplex
added, and this is a function only of the simplices in the immediate past.
• Euclidean dynamical triangulation models (EDT) [1] These are constructed
by a rule which is local, but not causal. One sums over all 2d random trian-
gulations, weighed only by the number of triangles. They do not lead to a
continuum limit which reproduces physics in relativistic spacetimes.
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• Causal set models [7]. Histories are partial orders of events. A generic causal
set does not correspond to a triangulation of a manifold, nor is there an obvi-
ous notion of locality. 1
There are other models, such as Regge calculus models and alternate versions
of causal spin foam models, but they are not needed for the present discussion.
We now discuss these, restricting to the 1 + 1 or 2 dimensional case, except in the
causal set model, where there is no microscopic notion of dimension.
We note that the causal set histories differ from the histories in the other causal
models, both CDT and CSN, in that the antichains have no structure. In both CDT
and CSN the antichains are spatial slices in a triangulation.
We next note that, since CDT does not allow topology change, there are many
more EDT histories than CDT histories (for given initial and final states, specified
by l0 and lt, and given N). The former do not have continuum limits which repro-
duce physics which is macroscopically 1+1 dimensional, while the latter do. Thus,
the restriction to causal histories seems necessary for a good continuum limit. A
key question is whether such a restriction must be non-local microscopically, as is
the case with CDT. Since the continuum limit properties are known only for CDT
and Euclidean histories, we will attempt a preliminary comparison of CSN with
these two theories.
The local CSN rules mean that it is possible to add many more simplices in
some part of a spatial slice, while keeping other parts of it unchanged. While
this is not a topology change as such (it causes no branching of the spatial slice),
such a CSN history can be mapped to a Euclidean triangulation of a branching
history. (Note that there is no map of CSN histories to topologies with branching
and rejoining spatial slices.) In addition, since a CSN simplex also carries a causal
structure, multiple CSN histories (where the same triangulation carries different
causal structures) can be mapped to the same Euclidean one.
There are then more CSN histories than Euclidean ones. This means that, if the
CSN histories are weighed equally by eıλN as in CDT and EDT histories, there can
be no good continuum limit which reproduces 1 + 1 dimensional physics. It has
been argued (see for example [9]) that, since the growth in volume of the number
of inequivalent triangulations of a given volume is factorial, no adjustments of the
weights can stop models with topology change from having the continuum limit
properties of the Euclidean dynamical triangulations.
Unfortunately, that is how far the implications of CDT for other path integral
models can be taken. The above argument is correct for a statistical path integral,
namely only for EDT and the Wick rotated CDT. For a quantum path integral, the
possibility of interference and cancellations remains. There is no Wick rotation
1Percolation causal set, in which the partial order is constucted by a percolation process [8] are
microscopically causal and satisfy a version of microscopic locality.
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for CSN, so the mapping of CSN histories to EDT ones does not imply anything
conclusive about the CSN weights.
To summarize, at present, the only of these models for which there is evidence
that they reproduce 1 + 1 dimensional physics in the low energy or continuum
limit is the CDT model, whose construction, however, appears to be non-local.
The other models are local microscopically, but either they do not reproduce low-
dimensional causal physics macroscopically or there is no method to solve them.
Thus, from the present results, it appears as if there is a conflict between micro-
scopic and macroscopic local physics as there is no model that has both.
6 Conclusions
We began by mentioning three features which distinguish the Abjorn-Loll causal
dynamical triangulations model from other background independent approaches
to the path integral in quantum gravity. Of these, we have seen that the restriction
to unit lapse, stressed in point 2 can be somewhat relaxed, providing support for
the view that the preferred time slicings of the model reflect a gauge fixing, rather
than a physical preferred time.
There are a number of further steps, which are currently under investigation.
• We expect that the relaxation of the gauge fixing described here, and in [11]
for 2 + 1 dimensions, will hold also in the 3 + 1 dimensional model[5].
• The need for a constant time average lapse may depend on the setup of the
transfer matrix solution of the CDT. To check this, an alternative “spacetime”
solution of CDT in 1+1 is currently in progress [10].
• Given the recent results concerning the CDTmodel in 3+1 dimensions which
support the conjecture that the model has a good continuum limit which
yields a theory of spacetime geometry in 3 + 1 dimensions, it becomes of
interest to see if that model can be elaborated to yield a spin foam model
with similar properties. This can be done by noting that spatial slicings exist
whose duals are graphs, and then extending the model by introducing labels
as in spin foam models.
• It is of interest to understand better the relationship between causal spin
foam models such as those studied in [6] and causal dynamical triangulation
models. This raises the issue of non-locality, as the latter’s rules are non-local
in ways the former’s are not. It is of particular interest to establish whether
the good results gotten with the CDT models are dependent on the presence
of non-locality in the microscopic evolution rules.
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